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This paper is a modern synthesis of the more than seventy years of literature on the elasticity of
substitution. At times, authors, such as Mundlak, have provided syntheses of the literature but
these often seem to be forgotten by later authors and particularly by applied economists. I
synthesize several of these approaches with the full development of duality theory. There are
many different legitimate definitions of the ES and the elasticity of complementarity (EC). None
of these is the one true ES – which one is useful depends on what we wish to measure. As their
value and even sign can vary dramatically, the choice of the appropriate indicator is important. I
propose a classification scheme: primal vs. dual measures, gross vs. net measures, ratio, scalar
and mixed elasticities, and four different basic concepts of substitution and complementarity.
Additionally, the Pigou Elasticity of Complementarity is reintroduced after seventy years of
obscurity and a new derivation of the basic Hicks (or direct) ES is provided. The implications for
the energy-capital controversy are also briefly discussed and an empirical example shows how
the various elasticities differ.
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1.  Introduction
Much has been written on the elasticity of substitution (ES) and many different indicators have
been developed in the more than seventy years since Hicks (1932) introduction of the concept.
Though, increasingly extensive empirical use of the concept is made, there still seems to be
plenty of confusion about what is actually measured by the ES in its various forms and
developers of new indicators seem to frequently ignore similar or identical past developments.
Furthermore, arguments have been made that particular elasticities are the true elasticity of
substitution (e.g. Blackorby and Russell, 1989; Kim. 2000). It is true that given a particular
definition of substitution and particular assumptions about which variables are held constant and
which are not in the course of that substitution there is one correct definition of the elasticity of
substitution. But the different indicators of substitutability relate to four different meanings of
substitution and complementarity and various assumptions can be made about which variables
are held constant in any particular problem. This paper provides a modern synthesis using duality
theory that classifies the various versions of the ES, a review of how the ES evolved, and a guide
to the appropriate uses of each indicator. Additionally, the Pigou Elasticity of Complementarity
(Pigou, 1934) is reintroduced after seventy years of obscurity and a new derivation of the basic
Hicks, or Direct, ES is provided.
Understanding this area of economics is philosophically interesting but is also of practical
importance. The value and even the sign of the ES between pairs of inputs or commodities will
in general depend on which ES is used. This is reasonable, as quite different concepts of
substitution and complementarity are involved. The ES is of importance in many areas of
economics, and in none more so than in environmental and resource economics. Results in
models of the long-run sustainability of economic development often hinge on the value of the
ES. Short-run responses to energy supply shocks and environmental policies similarly depend on
the ES. The large models used to evaluate climate policies depend on numerous elasticity3
estimates drawn from a wide variety of sources. Understanding which elasticity is appropriate
when is particularly critical in this field. I include a brief discussion of the capital-energy
controversy (whether capital and energy are complements or substitutes) and provide a related
empirical example that shows how the various elasticities differ.
The paper is laid out as follows: The theory section that follows the introduction starts by
explaining the different definitions of substitutability. This is followed by a review of the
objective and demand functions used to develop the various elasticities. Finally, this section
presents the classification of ten elasticities for both the production and consumption cases. The
next section of the paper then provides formulae for each elasticity and gives the historical
background of their origination. The fourth section of the paper discusses which indicator should
be used for which problem, discusses the capital-energy controversy, and provides some
empirical evidence on the differences between the different ES. A conclusion summarizes the
main findings.
2. Theory
2.1. Substitutability, Substitution, and Complementarity
Hicks (1932) introduced the concept of the ES. The original purpose was to determine how
factor shares of income would change as the price or quantity ratio changed. Robinson (1933)
and Lerner (1933) then reformulated the ES in the way that was subsequently adopted by Hicks
and Allen (1934a). Lerner (1933) defined the elasticity of substitution as the reciprocal of the
degree to which the substitutability of two factors, that is the marginal rate of substitution, varies
as the ratio of the two inputs varies and output is held constant. Lerner, therefore, defined the ES
in terms of movement along an isoquant.4
Hicks and Allen (1934a) wrote: “The curvature of the indifference curve describes the same
property as the “rate of increase of the marginal rate of substitution”. But to take either as our
measure without correction for units would be impossible… A measure free from this objection
fortunately now lies ready to hand. It is the elasticity of substitution, when defined in a way
analogous to that used by Mrs Robinson and Mr Lerner. Applied to this problem it becomes:
Relative increase in the proportion possessed of the two commodities (Y/X) / relative increase in
the marginal rate of substitution of Y for X.
when a small amount of Y is substituted for X, in such a way as to compensate the consumer for
his loss (That is to say, it is taken along the indifference curve)… It is… a general measure of
substitutability.” (58-59).
This statement subtly implied additional new meanings for the ES – a measure of the curvature
of the production function, and a measure of substitutability (instead of Lerner’s change in
substitutability).
Hicks and Allen (1934a) go on to discuss the dichotomy of competitive and complementary
commodities or inputs. Since Pareto and Edgeworth these terms had been used to discriminate
between commodities and inputs based on the sign of the second derivative of the utility or
production function (Hicks and Allen, 1934a). An increase in the use of one competitive input,
therefore, reduces the marginal product of the other input, while an increase in the use of a
complementary input raises the marginal product of the other input. This usage lives on today
(e.g. Hirschleifer and Hirschleifer, 1997) in the terms complementary and anti-complementary.5
To avoid any confusion with the other, now more common, meaning of complementary and
various meanings of competitive, I would prefer to call these “aiding” and “competing” inputs.1
Hicks and Allen (1934a) sought to banish the competitive / complementary dichotomy because it
depends on a concept which is unmeasurable in ordinal utility theory. Instead, they proposed that
commodities be defined as competitive / complementary on the basis of the sign of what they
called the partial elasticity of complementarity. Hicks and Allen frequently changed definitions
and terminologies in the course of a few years. The most confusing of these is when they
renamed this “elasticity of complementarity” as the “partial elasticity of substitution” (Hicks,
1936; Allen, 1938) and it eventually became known as the Allen-Uzawa elasticity of
substitution.2 The new competitive / complementary dichotomy soon became known as the
                                                   
1 I take the terms from Blumenthal et al. (1971) where the Hebrew terms mesayy’im and
mitharim are used that mean aiding and competing in English. Hicks (1936) calls the two classes
cooperant and rival. Of course the latter term now has another meaning too… Hicks (1970) calls
them q-complements and substitutes (see below).
2 Hicks (1970) later reintroduced the term “elasticity of complementarity” to mean something
else again. Different definitions of competitive and complementary commodities yet again are
discussed in Allen (1934). Allen (1934) defined complementary goods where ∂ MRS/∂ Xi is
opposite in sign to ∂ MRS/∂ Xj and where the signs are both positive or both negative the goods
are competitive. But the first condition holds even for some cases with concave indifference
curves or isoquants. The second condition could be true (but not necessarily) because one
commodity is a bad. The following conditions need to be true:
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They can hold true if  fij < 0 as long as the other derivatives have the appropriate magnitudes. So
not all cases of the traditional competitive goods will be treated as competitive under this
definition. But the conditions also hold if one of the first derivatives is negative and the cross
derivative is positive. So this definition does not seem to be very illuminating.6
dichotomy between substitutes and complements, which can be discriminated between on the
basis of the Allen-Uzawa elasticity of substitution. Under this definition, two inputs are
substitutes if when the price of one rises the quantity of the other increases and are complements
if the quantity decreases. However, both substitute and complement and aiding and competing
are useful dichotomies. Hicks (1970) introduced a new terminology. He termed the conventional
substitutes and complements p-substitutes and p-complements and competing and aiding inputs
he called q-substitutes and q-complements.
Therefore, to summarize, four different concepts of substitutability emerged from this early
literature:














where p are the prices of the inputs. Possibly, instead, the inverse of this derivative for
changes in prices can be used. Various sets of variables may be held constant. Clearly the
case where output and all other inputs are held constant as proposed by Lerner (1934) is
not necessarily the most useful for real world situations.
2.  The difficulty of substitution or curvature of the production function. The citation above













where y is output, which is held constant. This is their (and Lerner’s) elasticity of
substitution. This is now known as the Hicks or Direct ES. Usually though it is defined in
terms of the inverse derivative. There are other possible measures of the difficulty of
substitution discussed in Section 4 below.













This is the cross-price elasticity, which has the same sign as the Allen-Uzawa ES.













which has the same sign as the cross-derivatives of the production or utility function.
Samuelson (1974) found four definitions of substitutability and complementarity in the
consumption case in the existing literature. These correspond to my definitions 2 and 4, and
gross and net versions of my definition 3. Samuelson develops two further measures of
complementarity in the consumption case. The first is based on the second derivatives with
respect to quantities of the money metric utility function. This is an attempt to capture the idea of8
definition 4 free from any taint of cardinal utility. The second employs notions of expected utility
and fair gambles which allows for diminishing marginal utility of income – the money metric
utility function does not. The focus of this paper is on the production case, so I do not develop
the latter two definitions further. But it is interesting that my definition 1 – the original purpose
of the ES – is not even defined by Samuelson as a type of substitution.
2.2. Objective and Demand Functions
As explained above, different variables can be held constant in the calculation of the various
elasticities and the variable being differentiated and the differentiating variable can vary too.
Basing the possible options in the duality theory of production and consumption, we have
choices between the primal and dual optimization problem and between uncompensated and
compensated substitution (gross and net substitution in the production case and Marshallian and
Hicksian demand functions in the consumption case).3 The compensated demand function holds
utility constant in the consumption case and the quantity of output in the production case. The
net and Hicksian demand functions are, therefore, equivalent. The uncompensated functions,
however, differ in the type of variable held constant. In production, output price or marginal cost
is held constant, while in the consumption case, income is held constant. Mundlak (1968) also
suggests a production side demand function where cost is held constant and a consumption side
demand function with marginal utility of income held constant. Therefore, rather than there
                                                   
3 The term dual is used in two different ways in the literature. For example, cost minimization
given the production constraint and output maximization given cost are dual problems but they
use the primal production function. Duality theory implies the existence of the cost function,
which therefore is often referred to as a dual function. Demand functions are derivatives of the
dual functions but have to be derived by explicit optimization of the primal functions. Note that
profit maximization and cost minimization are not dual problems. On the consumption side,
utility maximization and expenditure minimization are dual.9
being two types of demand function for each of production and consumption there are three.
However, these other functions have never been used in the applied literature.
Table 1 provides a taxonomy of all the objective and demand functions involved and which
variables are held constant or treated exogenously in each case. Prices can refer to either
competitive market prices or shadow prices (Mundlak, 1968). The distance function specified is
the input distance function (Färe and Primont, 1990). In the case of multiple output production
the production function can be generalized to an output distance function.
2.3. Classification of the Elasticities of Substitution and Complementarity
Mundlak (1968) presented a brilliant synthesis of the literature, which appears to have been
relatively little read or cited till the mid-1990s. My own classification builds on Mundlak’s by
fully adopting the notion of duality and my having seen the literature since Mundlak; much of
which he anticipated. Mundlak’s nine long-run elasticities are all on the dual side of Table 1,
though he does not use the dual objective functions to derive the elasticities.
Mundlak (1968) classifies the elasticities as:
1. Two factor, two price
2. Two factor, one price
2.  One factor, one price
In the first category, a ratio of factors or commodities responds to a ratio of prices – this is the
original concept of the ES. This concept is symmetric so that it does not matter which prices or
quantities change in the denominator of the derivative to alter the ratio. However, as Pigou
(1934) pointed out, the two factor, two price class of ES does depend in general on how prices10
move, unless further restrictions are made.4  The usual restriction made for the elasticity
corresponding to the dual net case is to maintain cost constant. This yields McFadden’s (1963)
shadow elasticity of substitution. But other restrictions are also possible. However, from the
point of view of duality theory this is the natural restriction as now the ES measures movement
along an isocost curve of the cost function. It turns out that in the net primal case that no further
restriction beyond constant quantity is required (Pigou, 1934), which yields the direct or Hicks
elasticity of substitution.
In Mundlak’s second category a factor ratio responds to one price changing. The second class
includes the same basic type of derivative as the first but they are non-symmetric and so now it
matters which price or quantity is changing and only one is actually perturbed. This class
includes the Morishima elasticity of substitution which we can credit Mundlak with
independently discovering one year after Morishima (but still 34 years after Pigou discovered its
dual discussed below). The constant output, two factor, one price, elasticity is the Morishima
case. The third category includes the Allen-Uzawa elasticity of substitution where one quantity
responds to the change in one price. This latter class is the most “partial” class, while the first
class is the least “partial”.
Mundlak also looks at “short-run elasticities” where input quantities are fixed. These correspond
to the primal side of Table 1. The three cases now are two price, two factor, two price, one
factor, and one price, one factor. Mundlak only discusses the one price, one factor and two price,
two factor cases. The constant output case of the latter is now unaffected by how prices change.
This is the HES.
                                                   
4 Mundlak (1968) does not cite Pigou (1934) and neither do Blackorby and Russell (1975) who11
My classification is given in Tables 2 and 3 which is based on Mundlak’s three categories and
Table 1. The various elasticities are described in more detail in section 3 below. There are ten
elasticities given in each of the tables. There are theoretically six more elasticities derived by
Mundlak (1968) for each of the production and consumption cases based on constant cost and
constant marginal utility respectively - but these are likely to see little use. The boxes for both
primal and dual gross two price, two factor ES are empty. For the dual gross case, either both
cost and quantity or cost and marginal cost must be held constant (Mundlak, 1968). The former
is not a Marshallian elasticity in the consumption case (with income and utility held constant).
The latter is not clearly a net elasticity, but it doesn’t correspond easily to the gross case in the
duality framework either and has not appeared in the literature. Therefore, I ignore it.
A further anomaly is that the HES is usually expressed as ∂ ln(xi/xj)/∂ ln(pj/pi) which is the way it
was formulated by Robinson (1934) and Lerner (1934) rather than as ∂ ln(pi/pj)/∂ ln(xj/xi) as it
should be due to its primal nature. Clearly though, Hicks and Allen (1934a) are thinking in terms
of the rate of change of MRS as the factor ratio changes and therefore the latter is really the
appropriate formulation. Hicks (1936) mentions this option as an indicator of q-substitutability.
However, tradition treats a greater HES as indicating greater substitutability and this convention
is probably locked in.
Logically, the original HES should also be called an elasticity of complementarity. Logically,
also, the primal elasticities might be called shadow elasticities as they reflect how the shadow
prices of capital stocks would change whereas the dual elasticities reflect price-taking behavior
on the input side. To paraphrase Hicks (1970, 296) it now seems to be way too late to develop a
logical terminology.
                                                                                                                                                                        
again reinvent this basic point.12
An implication of Table 1 is that all the elasticities should be derivable from the relevant
functions in that table. The original derivations in the literature sometimes do not exploit these
functions. In the next section of the paper I present these more systematic formulae as well as
some of the original formulations.
The various elasticities are expected to have fairly well defined quantitative relations (Frondel
and Schmidt, 2002; Kim, 2000). The gross dual elasticities should show greater p-
complementarity than the net elasticities while the gross primal elasticities should show greater
q-substitutability. The Morishima type elasticities should show greater p-substitutability and
greater q-complementarity than the one price – one factor elasticities. Finally, the SES is more
constrained than the other dual elasticities and the HES as cost is held constant.
3. Description of the Elasticities of Substitution and Complementarity with
Historical Commentary
This section discusses each of the elasticities in the production case in more detail.
3.1. Primal Elasticities
3.`1.1. Two Ratios: Hicks (Direct) Elasticity of Substitution
























where f is the production function and derivatives are represented by subscripts. The HES
represents movement along an isoquant of the production function and was classically defined in
terms of the response of the quantity ratio to a change in the price ratio. Hicks and Allen’s
original derivation is based on computing the ratio of the differentials of the factor ratio and the
marginal rate of substitution subject to the condition dxi+MRSdxj = 0 which holds as one moves
along the isoquant and then multiplying by the marginal rate of substitution and dividing by the
factor ratio to yield an elasticity.
As shown in the Appendix, we can also derive this elasticity from the distance function The
distance function holds output constant as is required for the definition of the HES as movement
along an isoquant.. This derivation is similar to the derivation of the SES from the cost function.
The SES is defined for movement along an isocost line. Likewise the HES can be defined for
movement along a constant distance line. Holding distance constant is a desirable condition.
When distance is unity production is efficient. Deviations from unity either imply inefficiency or























where D is the distance function. The formal derivation is given in the Appendix. The elasticity
can also, therefore, be expressed in terms of the Antonelli EC’s in the same way that the shadow
elasticity is derived from the Allen ES below.14
Thompson (1997) introduced a further definition of the ES – the bilateral ES - which appears to
be identical to the original HES.
3.1.2. Ratio and Scalar
3.1.2.1. Gross: Pigou Elasticity of Complementarity
Pigou (1934) pointed out that when there are more than two inputs the change in the MRS in
response to a change in the factor ratios will depend on which factor’s quantity is perturbed.5
This point seemed to be rediscovered many years later by Morishima (1967) and Blackorby and
Russell (1975). Interestingly, there are no citations in the period 1954-2004 in the ISI Citation
Index to Pigou’s paper!
Pigou (1934) went on to formulate two special cases where various variables are assumed to
remain constant as substitution proceeds. The first, based on the suggestion of Hicks himself,
holds output quantity and the quantities of all the other inputs constant and became known as the
direct or Hicks elasticity of substitution (HES). This would not be a useful indicator of how
factor income shares change in response to factor ratio changes as in general the quantities of the
other inputs will also be changing. Another formulation suggested by Pigou has output variable
and all factors apart from one of the two in the ratio under consideration held constant. This
elasticity is then shown to be a simple function of the own price and cross-price elasticity. This
“Pigou elasticity of complementarity”6 is given by:
                                                   
5 The context that Hicks (1932) and Pigou (1934) were working in is quite different to the post
1936 context. They worked with a price theory model of the macro-economy, which fell out of
favor with the publication of the General Theory. So Pigou’s initial definition of the elasticity of
substitution looks at the effect on the marginal product ratio of a change in the input ratio when
one of the input quantities is disturbed. Neither input prices nor output quantity is held constant.
The model is constrained by finite elasticities of supply of the various inputs.
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The PEC measures how the input price ratio changes as the input quantity ratio changes. All
other input quantities and the output price are held constant but the output quantity and all input
prices can vary. The fixed output price implies profit maximization and the elasticity might be
suitable in a macro context with immobile domestic factors of production and international
output prices. This elasticity that Pigou discovered, 33 years before Morishima, is the dual of a
gross version of Morishima’s elasticity. The PEC is related to the issue of q-substitutes and q-
complements but it does not discriminate between them.7 That is the role of the Antonelli EC.
3.1.2.1. Net: Morishima Elasticity of Complementarity
Kim (2000) proposes a Morishima elasticity of complementarity based on the distance function.
This is a net version of the PEC. The basic idea was, however, already proposed by Blackorby
and Russell (1981). The formula is:
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The MEC is, therefore, the difference between two price elasticities based on the inverse demand
functions derived from the distance function. The elasticity shows how the price ratio changes as
one of the inputs in a fixed input ratio changes under the assumption of cost-minimization and
                                                   
7 Similarly the Morishima and factor ratio ES’s do not discriminate between p-substitutes and
complements.16
holding all other inputs and output constant. The elasticities are non-symmetric for changes in x
and y.
3.1.3. Two Scalars
3.1.3.1 Gross: Hicks Elasticity of Complementarity
This was the first of the elasticities of complementarity (in the modern sense) to be formally
identified as such when Hicks (1970) introduced the new term: the partial elasticity of
complementarity. The idea was that the HEC would be dual to the Allen-Uzawa ES and would
reflect the change in the price ratio for a change in the input ratio holding the quantities of the












where f is the production function. Syrquin and Hollender (1982) pointed out that under non-
constant returns to scale it is not the exact dual of the AES. It is, in fact, the dual of the gross
version of the AES (Kim, 2000).
If we are in the economic region of the production function (9) has the same sign as the second
derivative of the production function. Therefore, it is a test of competing vs. aiding inputs or q-
substitutes and q-complements and the AES is a test of p-substitutes and q-complements. The
cross quantity elasticity of the inverse demand function is equal to the HEC multiplied by the















An interesting conclusion of Hicks (1970) and Sato and Koizumi (1973) is that in the two input
case the HEC and AES must take the same sign. As two inputs must be p-substitutes they must
also be q-complements or aiding inputs.8 The situation is a bit more complex for the n>2 case.
3.1.3.2 Net: Antonelli Elasticity of Complementarity
Kim (2000) develops the partial elasticity of complementarity for net substitution from the
distance function, which holds output constant instead of marginal cost. He calls this the
Antonelli Elasticity of Complementarity. Kim argues that this is the true dual of the AES under
non-constant returns to scale.9  Obviously, the AEC is the dual to the net AES and the HEC is the
dual to the gross AES.
AEC
DyxD yx
















where Sy is the cost share of xj. The AEC discriminates between net q-complements and q-
substitutes.
3.2. Dual Elasticities
3.2.1. Two Ratios: Shadow Elasticity of Substitution
In addition to the already existing AES and HES, McFadden (1963) introduced the shadow
elasticity of substitution, which is defined in terms of the cost function, C:
                                                   
8 Clearly two inputs could be comnpeting but it seems that then the isoquants must be concave to
the origin so that there is no economic region and only one input is used. For multiple inputs
convex isoquants can be compatible with some inputs being competing.























where the subscripts on C represent derivatives following the usual conventions. Its duality to the













3.2.2. Ratio and Scalar
3.2.2.1 Gross: Factor Ratio Elasticity of Substitution
Davis and Shumway (1996) introduce a generalization of the Morishima ES - a generalized
factor ratio elasticity of substitution (FRES) that nests the MES as a special case under the
assumption of cost minimization with output held constant and all other input prices constant.
This generalization was, already presented by Mundlak (1968). However, Davis and Shumway
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where w is a variable on which the demand function is conditioned, which could include cases
beyond those examined by Mundlak (1968). Davis and Shumway (1996) show that under
homotheticity the MES also provides correct predictions for shifts in factor ratios for the cases19
other than cost minimization. But in the general case specific net and gross versions of the FRES
must be used. The gross MES uses elasticities from the profit function in place of those from the
cost function in the original formulation.
Sharma (2002) provides a derivation of the MES for the variable profit function where some
inputs are fixed, but he derives a net version where output quantities are held fixed.
3.2.2.2 Net: Morishima Elasticity of Substitution
The next major development in the history of the elasticity of substitution, following McFadden
(1963) was the independent “discovery” by Morishima (1967) and Blackorby and Russell (1975)
of the Morishima ES (MES). This was a clear result of the introduction of widespread use of dual
cost functions. Of course, McFadden (1963) already used a dual cost function to find the SES as
the dual concept to the HES and Uzawa (1962) defined the AES in terms of such a function. But
Blackorby and Russell (1975) use the cost function to find Robinson’s (1933) original concept
when all prices are held constant and the quantities of the other inputs optimally adjust. They
evaluate the following derivative:10
MES
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as according to Shephard’s Lemma the derivative of the cost function is equal to the optimal
factor input. This, therefore, is exactly Robinson’s (1933) notion of the elasticity of the change in
the input ratio with respect to the price ratio holding output constant and letting all other inputs
                                                   
10 In Blackorby and Russell (1989) the formula is stated incorrectly with the price ratio as pi/pj
instead of pj/pi.20
adjust optimally by holding prices constant. Blackorby and Russell (1989) show that for a
change in pi this elasticity is given by:
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In contrast to the Allen ES, these elasticities are asymmetric, so that µ ij ≠ µ ji. Therefore, the MES
is different depending on which price is changing. While the derivation is novel, Pigou (1934)
and Mundlak (1968) had already established this point. Blackorby and Russell (1989) further
show that the Allen ES does not alone give information about how factor income ratios change in
response to price changes (already recognized by McFadden, 1978) and at least for some special
production functions fails to indicate accurately the degree of substitutability. Furthermore,
though the AES accurately classifies inputs as substitutes or complements, complementarity and
substitutability can be determined from the cross-price elasticity alone. But as we see below, the
AES was never intended to be an elasticity of substitution in the original sense. The MES gives
accurate results for the ES in the special cases considered by Blackorby and Russell (1989)
involving a nested Leontief-Cobb-Douglas function and it is all the information required to











ij =− 1 (17)
Finally, for the multi-input CES production function, only the MES gives all the ESs as constant
and equal. Therefore, we can conclude that the MES is the net elasticity of substitution in the
n>2 case when other prices and output are held constant. In the n=2 case the MES, AES, and
HES are all equal.21
A measure such as this where the other inputs can change is appropriate obviously for modeling
changes in cost shares if there is cost minimizing behavior and all inputs are variable. Of course
this is only the net elasticity of substitution where output is held constant – in the real world
changes in the cost shares the output quantity will also be changing and that situation is
measured by the gross MES described in the previous subsection.
3.2.3. Two Scalars
3.2.3.1 Gross:Gross Allen-Uzawa or Hotelling-Lau Elasticity of Substitution
A gross version of the AES was introduced by Lau (1978). Bertoletti (2003) calls this the
Hotelling-Lau ES and demonstrates the duality relation between this and the HEC. This elasticity
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where Π  is the profit function and the subscripts indicate derivatives. The negative sign is due to
the fact that input quantities and profit shares are negative. The cross-price gross input demand















which is the HLES multiplied by the negative of the profit share..
3.2.3.2 Net: Allen-Uzawa Elasticity of Substitution
Finally, we reach the most commonly used of all the elasticities of substitution. Hicks and Allen
(1934a, 1934b) called the HES the elasticity of substitution while introducing a new concept: the22
elasticity of complementarity. But Hicks (1936) changes the name of this new elasticity of
complementarity to the “partial elasticity of substitution” and this is how it appears in Allen
(1938). The term “partial elasticity of substitution” is justifiable as it measures the impact on one
quantity of one price changing rather than the connection between an input ratio and a price ratio















where x is the vector of input quantities, f is the vector of first derivatives of the production
function, F is the bordered Hessian of the production function and Fij is the cofactor of fij. Later,
the partial elasticity of substitution becomes known as the Allen elasticity of substitution (AES)
and it became popular to use the AES to classify inputs as complements or substitutes. Uzawa
(1962) derived the AES for the cost function and this is the form in which it is used in most of
the literature, especially following the classic paper by Berndt and Wood (1975). The Uzawa











where C is the cost function with input prices p and output y as independent variables and
subscripts refer to derivatives of the cost function. The same information is given by the net
cross-price elasticity as pointed out by Blackorby and Russell (1989) and as is obvious in Hicks












where Sj is the share of input j in total cost.
The reason that this original elasticity of complementarity was introduced was because “cross-
price elasticity of demand” meant at that point in time the Marshallian elasticity. Hicks and Allen
were introducing the notion of the net or Hicksian elasticity. So these one factor, one price
elasticities are all in a sense historical artifacts. However, Allen (1938) does not mention a
general elasticity of substitution for the multiple input case only these partial elasticities of
substitution and Pigou’s (1934) paper and the HES seems to be forgotten.11  Therefore, among
the majority of economists the belief arose that the AES was the elasticity of substitution.
4. Uses and Applications
4.1 What are the Different Indicators Best Suited for?
As, I have explained, a mistaken folk belief emerged that the (AES) was intended to measure
both shifts in cost or income shares and determine whether inputs were complements or
substitutes in the n>2 case as well as in the n=2 case. This was wrong and was not originally
intended at all. But it was not till the mid-1970s that these misconceptions began to be cleared
up. However, misconceptions still appear to be rife in the empirical literature as evidenced, for
example, by ongoing contributions in the capital energy controversy discussed below.
                                                   
11 Hicks (1936) provides what he calls a partial reply to Pigou (1934) but this addresses a
different point in which he develops a gross ES which he calls the generalized ES.24
In addition to the ten elasticities described here, other indicators of the difficulty of substitution
or curvature of the production function include: the marginal rate of substitution, the second
derivatives of the production function, a measure of curvature suggested by de la Grandville
(1997), and Hicks and Allen’s (1934b) measure of overall substitutabilty (see below). As Fuss et
al. (1978) already concluded, which of these measures we use will depend on what we want to
measure. For example, criticism of the MES for tending to find that inputs are net substitutes in
almost every case seems misplaced as it was never intended to be used for this purpose.
This section reviews, some of the purposes to which the ES and EC have been applied and
determines what the best indicator to use is in each case. Of course, in the two input case all the
net ES are equal and all the gross ES are equal. Similarly the ECs will be equal. Therefore, these
comments apply to the n>2 case. Additionally, under constant returns to scale, net and gross
elasticities are equal (Kim, 2000).
4.1.1 Factor Shares
Clearly, as shown by Blackorby and Russell (1989), the MES should be used to predict changes
in factor shares as long as output is held constant and there is price-taking behavior in the input
market. If output is variable the gross substitution generalization of the MES (FRES) is needed.
Of course, if input or output behavior is non-competitive, some further generalization as
originally envisioned by Hicks (1932) would be necessary. The PEC and MEC model the
opposite extreme where all other inputs, rather than input prices, are fixed.
4.1.2 Substitutes vs. Complements
Contrary to what seems to be popular opinion, the MES does not convey information on whether
inputs are substitutes or complements in the modern p- sense of what the effect of a change in
price of one good is on the demand for another. The AES, in either a net or gross version, does25
provide this information. However, the cross-price elasticity provides the same information and
the AES just scales that parameter by one of the cost shares. This might be useful to measure the
degree to which pairs of inputs are substitutes or complements irrespective of their relative
shares in costs.
In the n=2 case inputs must be p-substitutes (Hicks and Allen, 1934a) or non-substitutable (and
q-complements or aiding). p-complementarity and p-substitutability are behavioral labels rather
than technical ones, though they are of course determined by the combination of the technical
parameters of the production function and cost minimizing or profit maximizing behavior.
Whether inputs are substitutes or complements will also vary depending on whether we are
looking at the gross or net case. Aiding inputs are likely to be gross p-complements and net p-
substitutes in the production case.12 It will also depend on whether we can assume price-taking
behavior or not and whether any inputs are fixed.
When the MES is used mistakenly to classify inputs as p-substitutes or p-complements it tends to
classify all inputs as substitutes as the own price elasticity tends to be greater in absolute value
than any cross-price elasticities (Frondel and Schmidt, 2002; Thompson, 1997). The HES must
be non-negative in the economic zone of the production function and therefore classifies all
inputs as substitutes or exact complements the Leontief case. Perhaps non-substitutable would be
                                                   
12 In the two input case, the two inputs must be net substitutes. The gross own price elasticity
must be negative, so in equilibrium more of an input whose price has fallen will be used. The
ratio of the price of the other input to its marginal product must be constant and so if the two
inputs are aiding more of the other input must also be used. For competing inputs less of the
other input will be used in equilibrium so that the inputs will net and gross substitutes. Of course
in the n>2 case things are more complicated. In the consumer case where wealth is fixed results
will also be different.26
a better term in the latter case. It does not model a behavioral response inherent in the notion of
p-substitutes and complements.
4.1.3 Competing and Aiding Inputs
Clearly the appropriate concept here is the HEC or AEC, but the simple cross second derivative
of the production function would do. Sato and Koizumi show, though, how the HEC can be
derived from the AES and therefore computed on the basis of the cost function.13 So this may be
useful when only cost function estimates are available.
4.1.4 Curvature and Shape of the Isoquant
Hicks and Allen (1934a) introduced the notion that the ES measured the “curvature” of the
production function. De la Grandville (1997) points out that the AES does not directly relate to a
mathematical notion of curvature or even to the second derivative of the production function.14.
This should be obvious from my discussion so far, as the AES was never intended for this
purpose. However, this is also true for the HES. For example, for extreme factor ratios the slope
of any CES isoquant is barely changing. For the Cobb Douglas function the second logarithmic
derivative is zero as ∂ lnY/∂ lnX = -β/α . But this is also true for the Leontief function. But these
are local notions of curvature. The HES does seem to capture a global notion of curvature or
shape of the isoquant. On the other hand, as we have seen, the HEC is a function of the second
derivative of the production function and so does measure local curvature in some sense.
The HES holds the quantity of the other inputs constant and hence measures the shape of the
isoquant. It is well-known that if HES>1 then the isoquant cuts the axes so that neither input is
                                                   
13 The AES can be computed from the HECs too (Sato and Koizumi, 1973, 51).
14 Obviously it is not directly related to a single second partial derivative of the production
function as the other input quantities are not held constant.27
essential, while for HES=0 the isoquant is a right angle, with intermediate values corresponding
to essential but substitutable inputs. This is a technical notion of substitutability. The AES and
MES, though, obviously do not measure the shape of an isoquant, unless that isoquant is derived
for the optimal quantities of the other inputs and changes shape as the price ratio changes!
4.1.5 Difficulty of Substitution
Do any of these measures actually capture how difficult substitution is? This depends on what is
meant by this slippery concept. For Lerner (1933) the degree of substitutability of two factors
was given by the MRS. The inverse of the HES showed how this varied as the ratio of the two
inputs varied. And really this does make sense – how hard it is to substitute one input for another
is basically defined by how much we have to contribute of one to compensate for removing
another. To make this unit-free we could use the elasticity: ∂ lnK/∂ lnE.
However, the change in factor shares does measure the difficulty of substitution too. Substitution
is clearly easier if producers can reduce their relative expenditure on the factor whose price has
risen than if they are forced to increase relative expenditure. The cross-price elasticity shows
whether absolute expenditure on the factor rises or falls. So there can be roles for the MES and
AES or cross-price elasticity in measuring difficulty of substitution in a cost sense.
The HES also could be an indicator of the difficulty of substitution in a global and technical
sense as it shows the shape of the isoquant. But whether an input is essential or not can be tested
by checking the behavior of the marginal product or total product as the input is reduced to zero.
A further possibility is the measure of curvature that appears in Hicks and Allen (1934b) and is
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where mij is the marginal rate of substitution between xi and xj. Hicks and Allen state that this
parameter measures the curvature of the indifference or isoquant surface passing through the
point. It does not relate to substitution in any particular direction. It is clearly zero for the
Leontief function and infinite for the linear isoquant case. It is involved in the computation of the
elasticities of substitution and complementarity in their paper but does not appear to have been
used on its own as an index of substitutability.
4.2  The Capital-Energy Controversy
Econometric studies have come to varying conclusions regarding whether capital and energy are
complements or substitutes (Berndt and Wood, 1979; Apostolakis, 1990). The vast majority of
such studies have used the AES to tests whether two inputs are substitutes or complements.
However, a growing number employ the Morishima elasticity, which in my opinion is an error.
Based on the differences between time-series and cross-sectional results, Apostolakis (1990)
concluded that capital and energy act more as substitutes in the long-run and more as
complements in the short run. However, in the light of the cointegration literature it is now
dubious that we can assert that time-series regressions in levels represent short-run results.
Frondel and Schmidt (2002) revisit the studies reviewed by Apostolakis and additional data from
Germany and find that evidence of complementarity only occurs in cases where the cost share of
energy is small. When materials are included the cost shares of capital and energy are smaller
and a finding of complementarity more likely. More time-series studies have data on materials
use. The authors appear to suggest that the results are the artifacts of the magnitude of the cost
shares and that the translog and other cost functions have little power to detect the true29
technology parameters. I come to a different conclusion. First, materials use belongs in the cost
function and omitting it leads to bias. When it is included Frondel and Schmidt find that energy
and capital are on the whole complements, weak substitutes, or neither substitutes nor
complements, depending on the industry considered. Second, the shares of cost are not arbitrary,
instead they are functions of the underlying technology. The relatively small cost share of energy
would be seen as a result of its being complementary to capital.
Berndt and Wood (1979) found that econometric studies using the KLE specification (i.e. not
including materials) and engineering studies indicate substitution, while cost functions with the
KLEM specification indicate complementarity. They use an unconventional definition of gross
substitution and the conventional definition of net substitution. Their gross substitution holds a
K-E composite constant while allowing its composition to change. All other inputs are held
constant and because of separability assumptions output is also held constant. Net substitution
allows all inputs to adjust but holds output constant. They believe that the engineering studies
reflect their gross effect. This is not surprising, as if only two inputs are involved then there must
be substitution. They also argue that the KLE studies represent their gross substitution.
Thompson and Taylor (1995) argue that when the Morishima elasticity of substitution is used is
place of the more common Allen-Uzawa elasticities capital and energy are universally found to
be substitutes. However, the Morishima elasticity is inappropriate for this purpose or rather it
measures something different from the AES and cross-price elasticity.
It seems that, in conclusion, capital and energy are at best weak substitutes and possibly are
complements. The degree of complementarity likely varies across industries and the level of
aggregation considered. However, if the cost share of energy is small relative to that of capital,30
only small percentage increases in capital will be needed for large percentage reductions in
energy use.
Kim (2000) applies the HEC and Antonelli EC to the Berndt and Wood (1975) data. Using the
HEC he finds that capital and labor and capital and energy are aiding pairs but that labor and
energy are competing and materials compete with all three other inputs, which seems decidedly
odd. The AEC finds all inputs to be aiding.
4.3. Empirical Analysis
4.3.1 Methods
The purpose of this section is to give the reader an intuitive grasp of the differences between the
ten elasticities by computing them for a single data set. I have chosen to use the classic Berndt
and Wood (1975) data set to allow comparability with previous studies.
Four models are estimated: a production function approach, distance function, profit function,
and cost function. The translog function is used throughout. Linear, shares based regression is
used, despite the existence of better nonlinear approaches (e.g. Kim, 1992). Technical change is
modeled using the standard linear trends biased technical change approach despite its potential
shortcomings (Lim and Shumway, 1997). Among studies using the same data set, Kim (2000)
models technological change using linear time trends, while Berndt and Wood (1975) do not
include trends in their cost share equations. For the profit function I estimate profit shares for
energy, materials, labor, and capital, omitting the output equation. The output price is used for
normalization.
For the production function we are using inverse demand equations. I do not impose
homotheticity on the production function. Symmetry is imposed. A system of four equations is31
estimated. The dependent variables are the factor shares of revenue which do not sum to unity.
The RHS of each equation is the output elasticity of the relevant input. The cost share system is
nonlinear under non-constant returns to scale (Kim, 1992) and therefore I have avoided
estimating it.
Linear homogeneity in input prices is imposed on the cost function, but returns to scale and
output separability are not restricted. We drop the materials equation and normalize on the
materials price.
The distance function imposes linear homogeneity in the input quantities. Assuming efficiency,
distance is equal to unity and a cost share equation system results (see Mundra and Russell,
2002). We again drop the materials equation and normalize using the materials quantity.
The elasticities are derived using the various formulae presented in this paper. The direct
elasticity of substitution is computed using (6) and therefore is the reciprocal of the traditional
measure. I deduct the mean of all the logarithmic and trend variables in the various share
equations (Stern, 1995) before estimating the models. I then compute the elasticities at the
logarithmic mean where all the variables apart from the constant are zero.
4.3.2 Results
First, I present the dual elasticities. Table 4 presents the gross AES or HLES and Table 5
presents the gross MES or FRES. Both of these are computed using the profit function estimates.
Table 4 presents the gross AES (HLES). We see that the inputs are all gross p-complements.
For the FRES in Table 5, each elasticity shows how the prices of the variables in the columns
affect the quantity ratio of the two variables when the price of the variables in the rows are held32
constant. So, for instance, the third entry in the first row shows the effect on the energy to labor
ratio of increasing the labor to energy price ratio by increasing the price of labor. Making, labor
relatively more expensive, actually reduces the amount of energy used per hour of labor! The
same is true for labor’s relation with materials. When labor becomes more expensive they
economize on the other inputs and try to hold onto the labor they have. But when the prices of
capital and energy increase relative to labor they tend to substitute labor for the more expensive
commodity. Presumably by saving on that commodity. Raising materials prices reduces relative
consumption of all three other commodities. Energy and capital prices have a more normal
substituting effect on the relevant quantity ratios. These results might be partly explained by the
fact that the labor-labor gross AES is less than the own AES for the other commodities.
The following three elasticities are computed from the cost function. Table 6 gives the net AES.
There is more substitutability here than in the gross AES case, but energy and capital and
materials and capital are complements. Net substitutability and gross complementarity is the
expected pattern. The Cobb-Douglas production function, for example, enforces this pattern. The
pattern is similar to Berndt and Wood’s (1975) estimates of the elasticities except capital and
materials are found to be complements here, and labor and energy are more substitutable and
labor materials less so .
Table 7 presents the net MES. All inputs with the exception of capital and materials when the
materials price is changing are net Morishima p-substitutes whereas some are gross Morishima
p-complements. Labor prices here have the largest effect on raising the factor quantity ratio – the
opposite of the gross elasticity results. Thompson and Taylor (1995) report almost equal
Morishima elasticities of 0.31 and 0.32 for capital and energy, which are between the two
estimates that I find.33
Table 8 presents the shadow elasticity of substitution. All the elasticities of substitution are less
than unity indicating limited substitution possibilities.
The five different dual elasticities all result in very different numbers and if used without
discrimination could lead to very misleading conclusions. All inputs are gross complements but
according to the SES all are poor substitutes. The Morishima elasticities show strong asymmetry.
The primal elasticities follow in the next five tables. The first two are computed using the
production function. The Hicks EC is given in Table 9. All inputs are aiding or q-complementary
apart from energy and materials and capital and materials. These results and those in Table 11
show a general similarity but also marked differences to Kim’s (2000) results using the same
data. He used a more sophisticated nonlinear estimation technique for the HEC and then derived
the AEC  from the gross estimates. He finds materials to be gross q-substitutes with all inputs
and energy and labor to be gross q-substitutes. Table 10 presents the Pigou EC. Changing the
labor or capital quantities has a big impact on the factor price ratio with the other inputs.
Materials have little impact on factor price ratios. Theoretically the PEC should show more
q–complementarity than the HEC (Mundra and Russell, 2002), which is difficult to determine in
this case.
The final three elasticities are derived using the distance function. Table 11 presents the
Antonelli EC – the dual to the net AES. On the whole it shows more q-complementarity than the
HEC and all inputs are q-complementary. This is the expected relation with the gross elasticity –
the opposite of the relation between the gross and net elasticities of substitution (Kim, 2000).
Kim (2000) also finds all inputs to be net q-complements.34
The Morishima EC in Table 12 does, as expected, show more q-complementarity than the Pigou
EC. In comparison to the Antonelli EC it shows a similar degree of complementarity. Finally, we
get to the direct or Hicks ES, shown here in Table 13 in elasticity of complementarity form. All
inputs are q-complements as is theoretically necessary. Capital has ES less than one with the
three inputs as the actual Hicks ES is given by the reciprocal of this indicator. Labor is a good
substitute for energy and particularly for materials and the two intermediate inputs are also good
substitutes with each other. There is more substituability evident here than shown by the SES.
This stands to reason as the SES imposes the constant cost condition. Clearly, again there is great
variation over these five primal elasticities. Using the correct elasticity for the problem at hand
may be critical.
5. Conclusions and Discussion
The body of the paper already contains the principal conclusions. There are several different
economic concepts each with an appropriate indicator. However, the general notion of “difficulty
of substitution” remains elusive. Hopefully, this paper has explained some of the historical roots
of the confusion about these various concepts and indicators as well as providing a clear
framework for understanding the definitions and uses of each indicator.
I believe the likely source of some of the confusion concerning the ES is that the concept
emerged before the development of the ideas of duality in economics. Some of the measures of
the ES implicitly employ the notion of dual cost or profit functions but this is not articulated in
the original sources. It is discussed in later papers, but these did not seem to have a strong
influence on applied economists and earlier confused notions held sway.
Secondly, as I have explained even the terms substitute and complement do not have a consistent
usage. Usually they are used to denote a discrimination based on the sign of the cross-price35
elasticity and sometimes (e.g. Hirschleifer and Hirschleifer, 1997) a discrimination based on the
sign of the second derivative of the production function. I call the latter aiding and competing
inputs – Hicks (1970) introduced the terms q-complements and q-substitutes. Hicks and Allen
also frequently changed definitions and terminologies in the course of a few years leading to
much confusion. The most confusing of these is when they renamed their “elasticity of
complementarity” as the “partial elasticity of substitution”. Hicks (1970) later reintroduced the
term “elasticity of complementarity” to mean something else again.
A third possible source of confusion is that economics is frequently taught using two input, or
two consumption good, examples as these are easy to draw graphically. But, as far as the ES is
concerned, the n>2 world is fundamentally different from the n=2 world. This is because the
quantities or prices of other inputs can adjust when there are more than two inputs in total, while
in the two input case, only the two inputs (or their prices) considered in the ES can change.
Finally, most economists, like most natural scientists and unlike many other social science
disciplines, do not generally return to read the original sources or study the history of economic
thought too deeply. As an example, I mentioned Pigou’s (1934) paper, which has not been cited
since 1954 at least and probably not since the 1930s. I returned to read the original sources to try
to determine when the confusion emerged and why.
Appendix: Deriving the Direct Elasticity of Substitution
First I derive the direct elasticity of substitution in elasticity of complementarity form using the
method in Hicks and Allen (1934b) and then show its form assuming integrability. Hicks and
Allen (1934b) do not assume integrability in the general case. Following that I derive it using the
distance function.36
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where  Rd x d x ji i j =− / is the marginal rate of substitution between the two inputs. (A2) and (A3)
implies that:
dx R dx ij i j =− (A4)
We evaluate the ratio of the two total differentials and then multiply by the ratio of the two
































by the quotient rule. Then substitute (A4) into (A5) and (A6), take the resulting ratio and



























which is the reciprocal of the formula in Hicks and Allen (1934b). Under integrability:
Rf f ji j i = / (A8)

























































which can easily be shown to be equal to the reciprocal of (5) which is the formula given by
McFadden (1963).
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dxk = 0 ∀≠ ki j , (A14)
so:
dx p p dx ij i j =− (/) (A15)39
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which can be simplified to (6).40
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Table 1. Objective and Demand Functions
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Note: p- and q- refer to prices and quantities respectively.45
Table 2. Classification of Elasticities of Substitution and Complementarity:
Production Case
Primal Dual





































HEC py, x AEC y, x Gross
AES
py, px AES y, px
HES = Hicks (direct) Elasticity of Substitution (Pigou, 1934)
SES = Shadow Elasticity of Substitution (McFadden, 1963)
PEC = Pigou Elasticity of Complementarity  (Pigou, 1934 and this paper)
MEC = Morishima Elasticity of Complementarity (Kim, 2000)
MES = Morishima Elasticity of Substitution (Morishima, 1967; Blackorby and Russell, 1975)
HEC = Hicks Elasticity of Complementarity (Hicks, 1970; Syrquin and Hollender, 1982)
AEC = Antonelli Elasticity of Complementarity (Kim, 2000)46
AES = Allen Elasticity of Substitution (Hicks and Allen, 1934b; Uzawa, 1962).
FRES = Factor Ratio Elasticity of Substitution (Mundlak. 1968; Davis and Shumway, 1996)
Gross AES = AES based on the profit function (Mundlak. 1968)
y = output quantity, py = output price, x = input quantities, and px input prices.47
Table 3. Classification of Elasticities of Substitution and Complementarity:
Consumption Case
Primal Dual
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Most of these authors only discuss the production case explicitly:
HES = Hicks (direct) Elasticity of Substitution (Pigou, 1934)
SES = Shadow Elasticity of Substitution (McFadden, 1963)
PEC = Pigou Elasticity of Complementarity  (Pigou, 1934 and this paper)
Marshallian MEC = Proposed Marshallian Morishima Elasticity of Complementarity
MES = Morishima Elasticity of Substitution (Morishima, 1967; Blackorby and Russell, 1975)
Marshallian AEC = Marshallian Antonelli Elasticity of Complementarity (Mundlak, 1968)
AEC = Antonelli Elasticity of Complementarity (Kim, 2000)
AES = Allen Elasticity of Substitution (Hicks and Allen, 1934b; Uzawa, 1962).
MCCTFOPES = Mundlak Constant Cost Two Factor One Price Elasticity of Substitution48
(Mundlak. 1968; Davis and Shumway, 1996)
Marshallian AES = AES based on the indirect utility function (Mundlak. 1968)
U = utility, I = income, x = commodity quantities, and p = commodity prices.49
Table 4. Gross Allen Elasticity of Substitution (HLES)
Capital Labor Energy Materials
Capital -2.07301
Labor -1.38791 -1.36008
Energy -1.68627 -1.43239 -2.18366
Materials -1.43227 -1.26155 -1.35456 -1.20968
Table 5. Gross Morishima Elasticity of Substitution (FRES)
Price that changes:
Price held constant:
Capital Labor Energy Materials
Capital 0 1.41117 0.57659 -0.74946
Labor 0.5177 0 0.62045 -0.0541
Energy 0.4819 -4.494 0 -0.27191
Materials 0.57222 -4.06813 0.69128 0
Table 6. Net Allen-Uzawa Elasticity of Substitution
Capital Labor Energy Materials
Capital -5.82911
Labor 1.76967 -0.82854
Energy -2.33021 1.59873 -13.84715
Materials -0.11077 0.0974 0.48863 -0.0680950
Table 7. Net Morishima Elasticity of Substitution
Price that changes:
Price held constant:
Capital Labor Energy Materials
Capital 0 0.71311 0.51619 -0.02677
Labor 0.40645 0 0.69229 0.1038
Energy 0.18715 0.66619 0 0.34919
Materials 0.30586 0.25413 0.64253 0
Table 8. Shadow Elasticity of Substitution
Capital Labor Energy Materials
Capital 0
Labor 0.45646 0
Energy 0.36618 0.68862 0
Materials 0.27973 0.20837 0.62297 0
Table 9. Hicks Elasticity of Complementarity
Capital Labor Energy Materials
Capital -24.97553
Labor 3.15125 -0.89726
Energy 11.27414 -0.41015 -15.78418
Materials -0.39673 0.03083 -0.27438 -0.1773351




Capital Labor Energy Materials
Capital 0 2.31519 1.12439 -0.12756
Labor 1.39489 0 0.63886 0.12103
Energy 1.79773 1.73604 0 -0.05642
Materials 1.21893 1.84824 0.6445 0
Table 11. Antonelli Elasticity of Complementarity
Capital Labor Energy Materials
Capital -24.15945
Labor 2.90457 -0.78377
Energy 9.58908 0.38303 -17.27471
Materials 0.10406 0.06789 0.24907 -0.0563852




Capital Labor Energy Materials
Capital 0 1.01231 1.20404 0.10063
Labor 1.44761 0 0.79142 0.07795
Energy 1.80515 0.32024 0 0.19159
Materials 1.29781 0.23375 0.78542 0
Table 13. Hicks Direct Elasticity of Substitution in Elasticity of
Complementarity Form
Capital Labor Energy Materials
Capital 0
Labor 1.37661 0
Energy 1.47809 0.72528 0
Materials 1.20374 0.18633 0.74582 0